10.

Some Harder trigonometry problems

tan 7x

Let tanxtan2x +tan2xtan3x+ :--.4+tan6xtan7x = 10 , find the value of

tanx

vV 1—12 . .
Let tan2x = Ak inl ,andassume 0 <t< i. Find sinx .
1-2t2 V2

. T . 21m . 3T
Compute sm;sm7sm7 .

(@) Byusinginductionon 2(x™ +y™) = x* ' +y* 1) (x+y) ,wherex,y>0.

n n n
prove the Power Mean inequality: z ;y = (X;—y) .

1

(b) Prove that <sin®x+cos?"x <1, VxeER .

2n—1 -
X _ y _ Z : .
If nOre — n@rp) — ey find the value of :

E= (it—i) sin? (a — B) + (z—:) sin? (B—vy) + (:—i) sin? (y — a)

COSX — COSy = a
Let {cos 3x—cos3y=b

Find the value of
E = cos 2x + cos 2y + 2 cosxcosy

Let T, =sin" x4+ cos"x
PFOVE that 6T10 - 15T8 + 10T6 = 1 .

a

Let (1 — k)tan? (E) = (1 + k)tan? (g) , find the value of

E=k?+ (1 +kcosa)(1—kcosb) .
Compute:  sec? g+ sec? ZTT[ + sec? 37n :

Find the sum of the series:
S=14+2cosx+ 2cos2x+ 2cos3x + -+ + 2 cos nx



From given:
(1 —tanxtan2x) + (1 —tan2xtan3x) + ---.+ (1 —tan6xtan 7x) = 6 — 10

tan 2x—tan x tan 3x—tan 2x tan 7x—tan 6x _
tan(2x—x) tan(3x—2x) tan(7x—6x) -
tan 2x—tan x tan 3x—tan 2x tan 7x—tan 6x _ 4

tan x tan x tan x -
tan 7x—tanx
SRt 4

tan x
tan7x —tanx = —4tanx
tan 7x = —3tanx

tan 7x

=-3

tanx

Method 1
2tV1-t2 4t%(1-t2
tan 2x = — tan22x = £
1-2t2 (1-2t2)2
2 2 2)2 2 2 2 4 2 4
2 2 42(1-t2)  (1-2t2)"+4t2(1-t?) _ (1-4t?+16t*)+(4t?-16t%) 1
= sec2x=1+tan“2x =1+ = = =
(1-2t2)2 (1-2t2)2 (1-2t2)2 (1-2t2)2

. 1 .
= sec2x = ,since 0<t< 7 » We may neglect the negative root .

1-2t2
= cos2x = 1 — 2t?
Now, sin’x = %(1 — c0s2x) = %[1 —(1-2t»)] =t?

+ sinx =t

Method 2

3 u
Let sinx=u ,than tanx = —

—u?

u
2tV1-t2 2tanx 2tV1-t2 zr_uz 2tV1-t2 2uvi-u2  2tVi-t2
tan 2x = = = = > = = =
1-2t2 1-tan?x 1-2t2 1_( u ) 1-2t2 1-2u? 1-2t2

u=sinx=t

. . ., M ., 2m ., 3m® , 4m . 5m . e6m .
Obvious that sin 0, sin—, sin—,sin—, sin—, sin—,sin— are roots of the equation

sin7x = 0.
cos 7x +isin7x = (cosx + isinx)” = (c +is)’
= (c¢” — 21c%s? + 35c3s* — 7cs7) +i(7c®s — 35c*s® + 21c?s° —s7) , by Binomial Theorem



Compare imaginary parts,

sin 7x = 7¢®s — 35c*s3 + 21c?s® —s7 = 7(1 — s?)3s — 35(1 — s?)?s3 4+ 21(1 — s?)s®> — 57
= 7s — 5653 + 112s°® — 64s’ ,where s = sinx

sin7x = 0 = 7s — 56s3 + 112s°> — 64s” = 0 = s(64s® — 112s* + 5652 —7) = 0

. ., M ., 2m ., 3m® , 4m . 5m . eém
sin 0, sin—, sin =", sin=",sin—, sin—, sin— are roots of s(64s® —112s* + 5652 —7) =0

., M ., 2m ., 3m . 4m ., 5m . 6T
sinZ, sin=-,sin=>, sin—, sin—-sin - are roots of 64s® —112s* + 5652 -7 =0

5 . 6T -7 7

. T . 21m . 3T . 41 .
Product of roots sm;sm751n7sm7sm7sm— = ——=—

. .. m ., 6m ., 2m ., 5m . 3m® . 4m
Since 51n;=51n7,51n7=51n7,51n7=51n—

7 64 64

4
7

We have sinZsin2Esin 2t = \/E ~ 0.3307189138831
7 7 7 64

(a)

(b)

Let P(n): 2(x"+y") = X" 1 +y" ) (x+y) ,wherex,y>0.
ForP(1), 2(x+y) = xX°+yO)(x+y)
ForP(2), 2(x*+y*) 2 x+y)*+ x—y)?* =2 x+y)?* =X T +y* Hx+y)
Assume P(k - 1) and P(k) are true for some keN.
Thatis, 2(x*"1 +y* 1) > (x*2 + y*2)(x + y)
2(xK+y*) = (x* T+ yE ) (x+y)

For P(k + 1),
2(xK* + yk+) = 2(xK + yR)(x + y) — 2xy(x7 + yk 1)

> (x* T+ yE ) x+y)E+y) —xy(xK 2+ y*2)(x +y)

= [(Xk—l + yk—l)(x +y)— Xy(Xk—z + yk—z)](x +y)

— [(Xk + yk) + xK~1y 4 xyk~1 — xk-1y xyk‘l](x +v)

= (x*+y¥)(x+y) and P(k+1)is true.
By the second principle of Mathematical Induction, P(n) is true ¥YneN.
For Power Mean inequality, from above

Xy 1 onot o one1y (3HY) < Lon—2 4 on-2y (<)
E 26y () 25607+ ()

n n
> > %(XO +vy9) (%) = (%) , by deduction, hence induction.

(i)  Since 0 <sin’x,cos?x<1
sin®? x < sin? x
cos®M x < cos? x

Adding, we get sin?" x + cos?" x < sin?x+cos?x=1



(ii) By the Power Mean inequality in (a),

- on-1

sin? x 4 cos? x>n 1
2

sin®" x 4+ cos?" x > 2 (

X _ y _ z —
Let oo = mnerp — mnery — K

sin(8+a) | sin(8+P)
x+y _ ktan(6+a)+ktan(6+f) _ tan(8+a)+tan(0+B) _ cos(6+«) ' cos(0+p)

Then —= = == .
€ x-y  ktan(6+a)-ktan(6+B)  tan(6+a)—tan(6+B)  Sin(@+a) sin(6+p)
cos(0+a) cos(6+pB)

__ sin(@+a)cos(8+B)+cos(0+a)sin(0+B) _ sin[(B+a)+(0+B)] _ sin(20+a+p)
" sin(0+a)cos(0+B)—cos(0+a)sin(0+B)  sin[(B+a)—(0+B)] ~ sin(a—P)

‘. (ii—i) sin? (a — B) = sin(26 + a + B) sin(a —B) = —% [cos (B + a) — cos(B8 + B)]
Similarly, ( )sm B-v)= %[cos (6+B) —cos(®+vy)]
(:_i) sin? (y —a) = —i[cos (8+7v) —cos(6+ a)]

E—( y)sm ((x—B)+( )sm B- y)+( )sm y—a)=0

cos3x—cos3y=b

(4 cos®3x—3cosx) — (4cosy—3cosy)=b

4 (cos® x— cos®y) —3(cosx—cosy) =b

4(cosx — cosy)(cos? x + cosxcosy + cos’y)—3a=b

43

(1+cos 2X 14+cos2y

+ cosxcosy + . )—3a=b

2a(1 4+ cos2x 4+ cos2y + 2cosxcosy) —3a=Db
2a(1+E)—3a=bD

a+b
2a

let s=sinx, c=cosx , T,=sin"x+cos"x=s"+c"

T,=s?+c?=1
T, = (s? + ¢?)? — 2s%¢? = 1 — 2s%¢?
Te = (s* + c*)(s? + c?) —s?c?(s? + ¢?) = (1 — 2s%¢?) —s?c? =1 — 3s?%¢?

Tg = (s® + c®)(s? + c?) —s2c?(s* + ¢*) = (1 — 3s2¢?) — s2¢?(1 — 25%¢?) = 1 — 4s2¢?

Tio = (s® + c®)(s? + ¢2) —s2c?(s® + ¢®) = 1 — 4s2¢c? + 2s*c* — s%c%(1 — 3s2¢?)
=1 — 5s2c? + 5s*c*
6Ty — 15T + 10T,
= 6(1 — 5s2c? + 5s*c*) — 15(1 — 4s2¢? + 2s*c*) + 10(1 — 3s%¢?)
=1

+ 2s%c*



—t2 —
8. Llet t=tan G) , U= tan (g) ,then cosa =1 ; ,cosb =1+22
Also, (1 —k)tan? (g) = (1 + k)tan? (g) 5>1-2=1 4+ .. (¥

E=k?+ (1 +kcosa)(1 —kcosb) =k? + (1 +k1_t2) (1 _kl_uz)

1+t2 14+u?

[1+t2+k(1-1t2)][1+u?-k(1-u?)] [1+k+(1-R)t?][1-k+(1+K)u?]

— L2 — 12
i (1+t2)(1+u?) =k* + (1+t2)(1+u?)
12, [1+k++Ru?][1-k+(1-k)t?] "
=k 1+t2)(1+u2) » by (%)

2 _ 2
— K24 [a+R@+u?)[[a-K)(a+t2)] _ K+(1+K0 -k =1

(1+t2)(1+u?)

9. cos7x+isin7x = (cosx+isinx)” = (c +is)’
= (c¢” — 21c%s? + 35c3s* — 7cs®) +i(7c®s — 35c*s® + 21c?s° —s7) , by Binomial Theorem

Compare imaginary parts,  sin7x = 7c®s — 35c*s3 + 21c?s® — cs’
Compare real parts, cos 7x = ¢’ — 21c°s? + 35c3s* — 7cs®

sin7x _ 7c®s-35c*s3+21c%s5—cs” _ 7t-35t3+21t5—t7

= = where t =tanx .
cos 7X c7-21c5s2435c3s%—7cs6 1-21t2435t4-7t6 ’

tan7x =

2 3 4 5 6 .
tan 0, tang,tan7ﬂ,tan7ﬂ,t:am?ﬂ,tan?ﬂ,tan?1T are roots of the equation tan7x =0,
Or 7t—35t34+21t°—t’ =0
2 3 4 5 6 .
tanE, tan—n, tan—n, tan—ﬁ,tan—ﬁ,tan—1T are roots of the equation
7 7 7 7 7 7
t® —21t* + 35t2 =7 =0 ,where theroot t=0 is neglected.

Sum of roots = )’ tang =0
Sum of pair of roots = )’ tan%tan%ﬂ =-21

2
S tan?’ = (z tang) — 23 tanTtan 2" = 0% — 2(-21) = 42

2

2 2
tan? ; + tan? 2711 + tan? 3711 + (—tan 3711) + (—tan 5711) + (—tan g) =42

tan2 X+ tan? Z +tan2 = =2 - 21
7 7 7 2

sec? g+sec2 271T+sec2 37T[=(1+tan2§+1+tan227n+1+tan237n) =3+21=24



10. S=1+4+2cosx+ 2cos2x + 2cos3x + --- + 2 cos nx

. X . X . X . X . X . X
Ssm5=51n5+2cosxsm5+20052xsm5+2cos3x51n5+---+2cosnxsm5

. X . X . 3% . X . 5X . 3% . 7X . 5X . (2n+1)x . (2n—-1)x
Ssm—=sm—+(sm——sm—)+(sm——sm—)+(51n——sm—)+-~+(sm( ) —sm( ))
2 2 2 2 2 2 2 2 2 2
. X . 2n+1)x . X n+1)x . nx
Ssm—=smu—sm—=2cos( ) in—
2 2 2 2
(n+1)x_. nx
_Zcos—2 sm2
- .. X
sin=

2
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